Introduction
By Dirichlet's Unit Theorem, given a number field, the logarithm of the units in the ring of integers forms a lattice, called the log-unit lattice. We investigate the geometry of the log-unit lattices associated to biquadratic and cyclic cubic number fields. Consider R n as a vector space with the usual Euclidean inner product. We say a lattice embedded in R n is orthogonal if it has a basis of pairwise orthogonal vectors, where orthogonal means with respect to the usual inner product. Then we have the following:
where p 1 , p 2 are primes. Let K i = Q( √ p i ) for i = 1, 2, and K 3 = Q( √ p 1 p 2 ). Let ε i be a fundamental unit for K i and e i = Nm Ki/Q (ε i ). If either (1) p 1 ≡ 1 (mod 4), p 2 ≡ 3 (mod 4), and e 1 = e 2 = −1, e 3 = 1; or (2) p 1 ≡ 3 (mod 4) and p 2 = 2, then the log-unit lattice of K is orthogonal.
Theorem 1.2. If K = Q( √ p 1 , √ p 2 ) and p 1 ≡ p 2 ≡ 3 (mod 4), then the log-unit lattice of K is not orthogonal. Theorem 1.3. Suppose K = Q( √ p 1 , √ p 2 ), where p 1 , p 2 are primes. Let ε i be a fundamental unit for K i := Q( √ p i ), K 3 = Q( √ p 1 p 2 ) and let e i = Nm Ki/Q (ε i ). If p 1 ≡ 1 (mod 4), p 2 ≡ 3 (mod 4), and e i = −1 for all i, then the log-unit lattice of K is not orthogonal.
In the case where the log-unit lattice is orthogonal, we can estimate the size of an appropriate fundamental domain.
Corollary 1.4. Suppose K = Q( √ p 1 , √ p 2 ), where p 1 , p 2 are primes. Let ∆ 1 , ∆ 2 , ∆ 3 be the discriminants of K 1 = Q( √ p 1 ), K 2 = Q( √ p 2 ), and K 3 = Q( √ p 1 p 2 ), respectively. For each i, let
If hypothesis (1) of Theorem 1.1 holds, then Λ K has a fundamental domain which is an orthogonal box with dimensions ℓ 1 , ℓ 2 , ℓ 3 , where 2 ∆ 1 ≤ℓ 1 < 2∆ 1 2 ∆ 2 ≤ℓ 2 < 2∆ 2 , and ∆ 3 ≤ℓ 3 <∆ 3 .
1 If hypothesis (2) of Theorem 1.1 holds, then Λ K has a fundamental domain which is an orthogonal box with dimensions ℓ 1 , ℓ 2 , ℓ 3 , where ∆ 1 ≤ℓ 1 <∆ 1 2 ∆ 2 ≤ℓ 2 < 2∆ 2 , and ∆ 3 ≤ℓ 3 <∆ 3 .
Using the above, we obtain estimates for the covering radius of the lattice. Recall that the covering radius ρ of a lattice Λ is the radius of the largest open ball in Λ ⊗ R which does not contain any elements of Λ.
Corollary 1.5. With notation and hypotheses as in Corollary 1.4, let ρ be the covering radius of Λ K . If hypothesis (1) of Theorem 1.1 holds, then
If hypothesis (2) of Theorem 1.1 holds, then
Proof. Let F be a fundamental domain which is an orthogonal box with dimensions ℓ 1 , ℓ 2 , ℓ 3 . Then the largest sphere centered in F which does not contain any of the vertices must have radius ( ℓ1 2 ) 2 + ( ℓ2 2 ) 2 + ( ℓ3 2 ) 2 . The claim follows from Corollary 1.4. Theorems 1.1, 1.2, and 1.3 are proven as special cases of a stronger result, Theorem 2.8. The latter theorem is based on a classification of the units of real biquadratic fields into four types, and shows that only one of these types has an orthogonal log-unit lattice.
Lastly, in Theorem 7.1, we show that the log-unit lattices of cyclic cubic fields all have the same geometry, in the sense that they are isometric up to scaling.
The motivation behind the above results stems from lattice-based cryptography. The security of a number of recent cryptosystems depends upon a given log-unit lattice having a suitable geometry-generally, one for which lattice algorithms like LLL perform poorly. For example, in [CDPR16] , it is shown that the logs of the cyclotomic units, which form a sublattice of the log-unit lattice, have a dual basis which is, up to scaling, "close" to orthonormal. As observed in [CDPR16, §1], a consequence is that the SOLILOQUY cryptosystem [CGS14] and the Smart-Vercauteren cryptosystem of [SV10] are broken.
Unfortunately, aside from [CDPR16] , [CDW17] , and [DPW19] , there are no known results on the geometry of log-unit lattices. The goal of this paper is to begin such a study by considering the log-unit lattices for low-degree number fields. The log-unit lattices of both quadratic number fields and complex biquadratic number fields have rank at most 1, and hence have uninteresting geometry. For real biquadratic number fields, a result of Kubota [Kub56, Satz 1] allows us to determine geometric properties of the log-unit lattices, specifically orthogonality. Lastly, the Galois action imposes strict conditions on the log-unit lattice of cyclic cubic number fields. [MU04] classify real biquadratic number fields into 4 types. We will deal with each type in order, starting in §3, before turning to cyclic cubic fields in §7. Acknowledgments. This project was partially supported by the NSF grant DMS-1247679 and by Viasat. The authors are grateful to Wayne Aitken for helpful comments.
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Preliminaries
2.1. Lattices. Recall that a lattice Λ is a discrete subgroup of R n for some n. If b 1 , . . . , b m ∈ R n is a linearly independent list of vectors, let
We say Λ(b 1 , . . . , b m ) is the lattice generated by the b i , or the lattice with basis b 1 , . . . , b m . We also say that such a lattice has rank m. If a lattice has an orthogonal basis, we say that the lattice is orthogonal.
Definition 2.1. Let Λ ⊂ R n be a rank m lattice. For r > 0, let B r ⊂ R n be the closed ball of radius r centered at the origin. Then for i = 1, . . . , m, define λ i (Λ) by
Thus for example λ 1 (Λ) is the length of the shortest nonzero vector in Λ, and λ m (Λ) is the smallest number such that there exists a basis b 1 , . . . , b m of Λ for which b i ≤ λ m for all i. Proof. If v ∈ Λ, then there are integers α 1 , . . . , α m such that
Proposition 2.3. Suppose V be a subspace of R n . Let v 0 ∈ V be a nonzero vector, and let W be the orthogonal complement of Span(v 0 ) in V . Let L W ⊂ W be a lattice, and let L be the lattice generated by L W and v 0 . Suppose that (b 1 , . . . , b n ) is an orthogonal basis for L. Then v 0 = ±b i for some i.
Proof. Without loss of generality, the b i are ordered so that
Hence
But for j ≥ k + 1, b j 2 > v 0 2 , and hence α j = 0.
If v ∈ L, then there are unique w ∈ L W , β ∈ Z such that w + βv 0 . Since v 0 , w = 0, we see that
In particular, if v ≤ v 0 , then |β| ≤ 1. In the case that β = ±1, we have w = 0 and so v = ±v 0 . If β = 0, then v ∈ W . Applying this reasoning to the b i for i ≤ k, we see that either all of the b i ∈ W , or for some i, b i = ±v 0 . Since v 0 / ∈ W , the first possibility cannot hold.
Proposition 2.4. Let Λ be an orthogonal lattice. Then, up to sign and rearrangement, there is a unique choice of orthogonal basis for Λ.
Proof. Let b 1 , . . . , b m be an orthogonal basis for Λ. Then it suffices to show that for any other orthogonal basis d 1 , . . . , d m and for every k,
Zb i and L = L W + Zv 0 . The hypotheses of Prop. 2.3 are satisfied, and so b k = ±d j for some j, as required.
In particular, this means
Lemma 2.6. Let Λ be a rank two lattice. Suppose w 1 , w 2 ∈ Λ are linearly independent with λ 1 = w 1 , λ 2 = w 2 , and w 1 not orthogonal to w 2 . Then Λ is not orthogonal.
Proof. Suppose to the contrary that Λ is orthogonal. Then there is a basis
Then b 1 2 = w 1 2 implies a 1 = ±1 and a 2 = 0. Similarly, b 2 2 = w 2 2 implies c 2 = ±1 and c 1 = 0. So w 1 = ±b 1 and w 2 = ±b 2 . But this implies w 1 ⊥ w 2 , which is a contradiction. Now suppose λ 1 = λ 2 . Then b 2 2 = b 1 2 = w 1 2 implies a 1 = ±1 and a 2 = 0 or c 2 = ±1 and c 1 = 0. So w 1 = ±b 1 or w 1 = ±b 2 . Similarly, b 1 2 = b 2 2 = w 2 implies c 2 = ±1 and c 1 = 0 or a 1 = ±1 and a 2 = 0. So w 2 = ±b 2 or w 2 = ±b 1 . Hence either w 1 ⊥ w 2 or w 1 = ±w 2 . But either case yields a contradiction.
2.2. Biquadratic number fields. Recall that a number field is a finite extension of Q. A biquadratic number field is one of the form
We further assume that d 1 , d 2 > 0, so that K is totally real. Fix an embedding of K in R. Define Log :
where the absolute value is that from R. The kernel of Log consists of the roots of unity in K. Since K is real, the only roots of unity are ±1.
We call this lattice the log-unit lattice attached to K. We will use the notation Λ K to refer to this lattice. For a general number field K, the log-unit lattice Λ K = Log(O × K ) can be defined similarly; for example, if K is a real quadratic field, then Λ K is a rank 1 lattice in R 2 . We say ε 1 , · · · , ε r ∈ K is a system of fundamental units for K if Log(ε 1 ), . . . , Log(ε r ) forms a basis for Λ K . If r = 1, we say ε 1 is a fundamental unit for K.
Given
respectively. These are the three quadratic subfields of K, each of which is real. By Dirichlet's Unit Theorem, the associated log-unit lattice for each K i has rank 1. Let ε i ∈ K i be a fundamental unit for K i . The following results are due to [Kub56] , but we cite [MU04] for convenience. As in [MU04, p. 106], we categorize real biquadratic fields into four different types, characterized by what constitutes a system of fundamental units. These types are as follows-in each case, we specify a system of fundamental units for K.
Type I: Up to permutation of subscripts, one of (a) ε 1 , ε 2 , ε 3 ;
Thus, for example, if ε 1 , ε 2 , √ ε 3 forms a system of fundamental units for K, then K is of Type I. It is easy to check that the types are disjoint.
Kubota gave explicit families of biquadratic number fields in 3 of these types.
Theorem 2.7 (Theorem 2 of [MU04] ). Let p 1 , p 2 be distinct primes, K = Q( √ p 1 , √ p 2 ), and ε 1 , ε 2 , ε 3 fundamental units for Q( √ p 1 ), Q( √ p 2 ), Q( √ p 1 p 2 ), respectively. Let e i = Nm Ki/Q (ε i ).
(1) Suppose p 1 ≡ 1 (mod 4), p 2 ≡ 3 (mod 4), and e 1 = e 2 = −1. If e 3 = 1, then K is of type I, and ε 1 , ε 2 , √ ε 3 is a system of fundamental units. If e 3 = −1, then K is of type IV.
(2) Suppose p 1 ≡ 3 (mod 4) and p 2 = 2. Then K is of type I, and √ ε 1 , ε 2 , √ ε 3 is a system of fundamental units for K.
(3) Suppose p 1 ≡ p 2 ≡ 3 (mod 4). Then K is of type II.
See [MU04] for additional related results, including a proof that there are infinitely main fields of all 4 types.
Our main theorem is the following:
Theorem 2.8. Suppose K is a real biquadratic field. The log-unit lattice of K is orthogonal if and only if K is of type I.
Combining the above theorem and Theorem 2.7, we immediately obtain Theorems 1.1, 1.2, and 1.3.
Observe that
Let w i = Log(ε i ). Then
Proof. The first claim is straightforward.
For the second claim, if log |εi| log |εj | ∈ Q, then ∃a, b ∈ Z, not both zero, such that a log |ε i | = b log |ε j |.
Thus log |ε a i ε −b j | = 0, and so ε a i ε −b j is a root of unity in K. Since K is totally real, ε a i ε −b j = ±1. But ε i , ε j are units of infinite order in the linearly disjoint fields K i , K j , respectively. Thus a = b = 0. This contradicts our choice of a, b, and hence log |εi| log |εj | / ∈ Q. The claim then follows from linear independence of logarithms [Bak66] . Since w i = 2| log |ε i ||, the last claim follows. Theorem 2.8 follows from considering each type individually. To be precise, we will show that log-unit lattices for type I fields are orthogonal in Theorem 3.1, and that log-unit lattices for types II, III, and IV are not orthogonal in Theorems 4.2, 5.5, and 6.5, respectively. The key fact we will be using is that Λ(w 1 , w 2 , w 3 ) is an orthogonal sublattice of the log-unit lattice Λ K . Through §6, we will assume that K is a real biquadratic field given by Q( √ d 1 , √ d 2 ), and that the ε i , w i are as above.
Type I lattices
Theorem 3.1. Suppose K is a real biquadratic field of type I. Then Λ K is orthogonal.
Proof. Recall the vectors w 1 , w 2 , w 3 , which are pairwise orthogonal. If K is of type Ia, then Λ K = Λ(w 1 , w 2 , w 3 ). If K is of type Ib, then up to renumbering, Λ K = Λ(w 1 /2, w 2 , w 3 ). If K is of type Ic, then up to renumbering, Λ K = Λ(w 1 /2, w 2 /2, w 3 ). In all three cases, the given basis is orthogonal.
Proof of Corollary 1.4. Let R i = ln |ε i | for all i. By replacing ε i with its inverse if necessary, we may assume that R i > 0. If we assume hypothesis (1), then by Theorem 2.7 we may set v 1 = w 1 , v 2 = w 2 , and v 3 = 1 2 w 3 . Then Λ K = Λ(v 1 , v 2 , v 3 ). As the w i are orthogonal, so are the v i . If we assume hypothesis (2), then by Theorem 2.7, we may set v 1 = 1 2 w 1 , v 2 = w 2 , and v 3 = 1 2 w 3 . Then
The v i are orthogonal in this case as well. By [JLW95, p. 212], ∆ i ≤ R i . By [Hua82, p. 329], R i <∆ i . Since w i = 2R i , the claim follows.
Type II lattices
Suppose K is of type II. We will assume that either √ ε 1 ε 2 , ε 2 , ε 3 or √ ε 1 ε 2 , ε 2 , √ ε 3 forms a system of fundamental units; the cases where we permute the subscripts will follow by an identical argument. Since in cases IIa and IIb, √ ε 1 ε 2 , ε 1 , ε 3 and √ ε 1 ε 2 , ε 1 , √ ε 3 respectively also forms a system of fundamental units, we may assume that w 1 < w 2 . Let v 1 = 1 2 (w 1 + w 2 ) and v 2 = w 2 .
Since w 1 ⊥ w 2 and v 1 = 1 2 (w 1 + w 2 ), we have v 1 2 = 1 4 w 1 2 + 1 4 w 2 2 .
Recall that w 1 < w 2 , so 1 4
Thus v 1 < w 2 . Now let x ∈ Λ \ {0}. Then x = a 1 v 1 + a 2 v 2 for some a i ∈ Z with at least one nonzero a i . Observe that
Thus x 2 = 1 4 (a 1 − a 2 ) 2 w 1 2 + 1 4 (a 1 + a 2 ) 2 w 2 2 since w 1 ⊥ w 2 . Let u 1 = a 1 − a 2 and u 2 = a 1 + a 2 . To minimize x , we would like to minimize |u 1 | and |u 2 |, where u 1 , u 2 ∈ Z. As u 1 − u 2 = −2a 2 and a 2 ∈ Z, we have u 1 ≡ u 2 mod 2.
To minimize x , we must have one of the following: u 1 = u 2 = ±1; or u 1 = −u 2 = ±1; or u 1 = ±2, u 2 = 0; or u 1 = 0, u 2 = ±2. In other words,
But v i , w 1 = ± 1 2 w 1 2 = 0 for i = 1, 2, and v 1 , v 2 = 1 4 ( w 2 2 − w 1 2 ) = 0. Therefore b 1 cannot be orthogonal to b 2 . By Lemma 2.6, Λ is not orthogonal.
Theorem 4.2. Suppose K is a real biquadratic field of type II. Then Λ K is not orthogonal.
Let W be the R-linear span of v 1 and v 2 . Note that v 3 is orthogonal to W . By Proposition 2.3, one of the b i -say, b 3 -equals ±v 3 . But then (b 1 , b 2 ) must form an orthogonal basis for Λ(v 1 , v 2 ), which contradicts Lemma 4.1.
Type III lattices
Let K be a type III real biquadratic number field. Define new vectorsŵ 1 ,ŵ 2 ,ŵ 3 as being the w i in increasing order by length; that is, {w 1 , w 2 , w 3 } = {ŵ 1 ,ŵ 2 ,ŵ 3 }, and ŵ 1 < ŵ 2 < ŵ 3 . Let
By definition of type III, B forms a basis for Λ K . We have v 1 , v 2 = 1 4 ŵ 3 2 , v 1 , v 3 = 1 4 ŵ 2 2 , and v 2 , v 3 = 1 4 ŵ 1 2 since theŵ i are pairwise orthogonal. Hence B is not orthogonal. Our goal is to show that there is no orthogonal basis for
Write u 1 = a 2 + a 3 , u 2 = a 1 + a 3 , and u 3 = a 1 + a 2 . Then
(1)
Then C is generated by (2, 0, 0), (0, 2, 0), (0, 0, 2), (1, 1, 0), (1, 0, 1), and (0, 1, 1) .
Proof. This is an easy exercise.
Lemma 5.2. Let C be as above. Then
Proof. Write S for the right-hand set above, and let u = (u 1 , u 2 , u 3 ) ∈ S. Recall that u 1 = a 2 + a 3 , u 2 = a 1 + a 3 , and u 3 = a 1 + a 2 for some a i ∈ Z. So
Thus, u ∈ C. To show that C ⊆ S we simply show that the generators of C, as in Lemma 5.1, are in S. Note that 0ŵ 1 + 1 2ŵ 2 + 1 2ŵ 3 = v 1 , 1 2ŵ 1 + 0ŵ 2 + 1 2ŵ 3 = v 2 , and
. So (0, 1, 1), (1, 0, 1), (1, 1, 0) ∈ S. By a similar calculation, (2, 0, 0), (0, 2, 0), (0, 0, 2) correspond toŵ 1 ,ŵ 2 , andŵ 3 , respectively.
Let x, y ∈ S with x = y. If α 1 x + α 2 y = 0, then α 1 = α 2 = 0.
Proof. One checks each case. Alternatively, each element of S can be written in terms of theŵ i , and from these representations it is clear that no two are parallel.
Lemma 5.4. There exist
Proof. Let x ∈ Λ K \ {0}, and let a i , u i be as in (1). Then
To minimize x , we must find (u 1 , u 2 , u 3 ) ∈ C whose coordinates have minimal absolute value. It follows from Lemma 5.1 and Lemma 5.2 that x is minimized when (|u 1 | , |u 2 | , |u 3 |) is in the list (1, 1, 0), (1, 0, 1), (0, 1, 1), (2, 0, 0), (0, 2, 0), and (0, 0, 2).
In particular, (|u 1 | , |u 2 | , |u 3 |) = (1, 1, 0) gives ±v 3 , ±v ′ 3 , (|u 1 | , |u 2 | , |u 3 |) = (1, 0, 1) gives ±v 2 , ±v ′ 2 , and (|u 1 | , |u 2 | , |u 3 |) = (0, 1, 1) gives ±v 1 , ±v ′ 1 . Similarly, (2, 0, 0), (0, 2, 0), (0, 0, 2) give ±ŵ 1 , ±ŵ 2 , and ±ŵ 3 , respectively. Sinceŵ i ⊥ŵ j for i = j, v 1 2 = 1 4 ŵ 2 2 + ŵ 3 2 . Furthermore, ŵ 2 < ŵ 3 , so
Thus v 1 < ŵ 3 . Note that v i = v ′ i for all i, and v 3 < v 2 < v 1 . In particular ŵ 3 is larger than the norm of every element of S . By Lemma 5.3, all pairs b, b ′ ∈ S with b = b ′ are linearly independent. The result follows.
Theorem 5.5. Let K be a type III real biquadratic number field. Then Λ K is not orthogonal.
Proof. Suppose otherwise. Then Λ K has an orthogonal basis, say,
Then by Proposition 2.5, λ i (Λ K ) = b i for i = 1, 2, 3, and by Lemma 5.4,
i are as in Lemma 5.3. But the only pairs of orthogonal vectors in S areŵ
But in each case, v 3 is shorter than the second element of each pair, and so none of these pairs can equal ±b 1 , ±b 2 . Therefore no such B can exist, proving the claim.
Type IV lattices
Suppose K is of type IV. As before, defineŵ 1 ,ŵ 2 ,ŵ 3 as vectors satisfying {w 1 , w 2 , w 3 } = {ŵ 1 ,ŵ 2 ,ŵ 3 }, and ŵ 1 < ŵ 2 < ŵ 3 . Let v 1 = 1 2 3 i=1ŵ i , v 2 =ŵ 2 , and v 3 =ŵ 3 . Let B = {v 1 , v 2 , v 3 }, so that B forms a basis for Λ K . We have that v 1 , v 2 = 1 2 ŵ 2 2 , v 1 , v 3 = 1 2 ŵ 3 2 , and v 2 , v 3 = 0 since theŵ i are pairwise orthogonal. Hence B is not orthogonal.
Let
Write u 1 = a 1 , u 2 = a 1 + 2a 3 , and u 3 = a 1 + 2a 2 .
Lemma 6.1. Let
Then C is generated by (2, 0, 0), (0, 2, 0), (0, 0, 2) and (1, 1, 1).
Proof. Let H < Z 3 be generated by (2, 0, 0), (0, 2, 0), (0, 0, 2) and (1, 1, 1). Certainly
If each u i ≡ 1 mod 2, then u i = 2n i + 1 for some n i ∈ Z. Then (u 1 , u 2 , u 3 ) = (2n 1 , 2n 2 , 2n 3 ) + (1, 1, 1)
which lies in H.
Lemma 6.2. Let C be as above. Then
Proof. Let S be the right-hand set in the statement, and let x ∈ S. Then
Recall that u 1 = a 1 , u 2 = a 1 + 2a 3 and u 3 = a 1 + 2a 2 for some a i ∈ Z. If a 1 ≡ 0 mod 2, then each u i ≡ 0 mod 2. If a 1 ≡ 1 mod 2, then each u i ≡ 1 mod 2. In either case, x ∈ C. For the other inclusion, it suffices to show that the generators of C are in S; this is a routine calculation.
Let x, y ∈ S with x = y. Then α 1 x + α 2 y = 0 implies α 1 , α 2 = 0.
Proof. Suppose x = v 1 and y = v ′ 1 . Observe that
Multiplying by 2 yields
But {ŵ 1 ,ŵ 2 ,ŵ 3 } is a linearly independent set, so α 1 ± α 2 = 0. Hence α 1 = α 2 = 0. For any other x, y ∈ S , a similiar argument holds.
Proof. Let x ∈ Λ K , x = 0. Let u 1 , u 2 , u 3 be as in (2). Then x 2 = 1 4 3 i=1 u 2 i ŵ i 2 sinceŵ i ⊥ŵ j for all i = j. We wish to minimize x . It follows from Lemma 6.1 and Lemma 6.2 that we wish to find the smallest integers (|u 1 | , |u 2 | , |u 3 |) satisfying u 1 ≡ u 2 ≡ u 3 mod 2. These are given by
(1, 1, 1), (2, 0, 0), (0, 2, 0), and (0, 0, 2).
In particular, (|u 1 | , |u 2 | , |u 3 |) = (1, 1, 1) gives ±v 1 , ±v ′ 1 , ±v ′′ 1 , ±v ′′′ 1 . Similarly, (2, 0, 0), (0, 2, 0), (0, 0, 2) give ±ŵ 1 , ±ŵ 2 , and ±ŵ 3 , respectively. Sinceŵ i ⊥ŵ j for i = j, v 1 2 = 1 4 ŵ 1 2 + ŵ 2 2 + ŵ 3 2 . The assumption ŵ 1 < ŵ 2 < ŵ 3 implies that
It follows thatŵ 3 is longer than every element of S . By Lemma 6.3 any pair of distinct vectors in S is linearly independent, whence the claim follows.
Theorem 6.5. Suppose K is a real biquadratic field of type IV. Then Λ K is not orthogonal.
Proof. Suppose otherwise that Λ K has orthogonal basis
Then by Proposition 2.5, λ i (Λ K ) = ±b i , and by Lemma 6.4,
, an easy calculation shows that no pair of vectors from S is orthogonal, with the possible exception of
Suppose that b 1 , b 2 = ±v 1 , ±v ′′′ 1 ; as v 1 = v ′′′ 1 , the order does not matter. The orthogonality of B implies that
for some choice of i, j satisfying 1 ≤ i, j ≤ 3, i = j. By Lemma 2.9, c / ∈ Q. But then b 3 / ∈ Λ K , from which we obtain a contradiction. The case of v ′ 1 , v ′′ 1 is similar. The theorem follows.
Cubic cyclic lattices
Define a rank 2 lattice to be equilateral triangular if it has a basis v 1 , v 2 for which v 1 = v 2 and the angle between v 1 and v 2 is π/3. The prototypical equilateral triangular lattice is Λ((1, 0), ( 1 2 , √ 3 2 )) ⊂ R 2 . Theorem 7.1. If K is a cubic Galois extension of Q, then the log-unit lattice of K is equilateral triangular.
A consequence of the theorem is that all such log-unit lattices are similar-that is, if K, L are two cubic Galois extensions of Q, then Λ K is isometric to cΛ L for some constant c.
Proof. The Galois group of K/Q must be isomorphic to Z/3Z, and K is a totally real field. By Dirichlet's Unit Theorem, Λ K is a rank 2 lattice lying in the hyperplane H ⊂ R 3 defined by x 1 + x 2 + x 3 = 0. Fix an embedding of K in R, and let σ be a generator of the Galois group of K/Q. Then Λ K is the image of Log : O × K −→ R 3 ε → (log |ε|, log |σ(ε)|, log |σ 2 (ε)|).
The action of the Galois group on O × K induces an action on Λ K via σ(Log(x)) = Log(σ(x)). The induced action of σ is the same as that induced by rotating H by 2π/3 about the axis passing through the origin and (1, 1, 1). In particular, Λ K is invariant under this rotation. As Λ K is a group, it is invariant under negation, and hence is invariant under rotation of H by π. Therefore Λ K is invariant under rotation of H by π/3.
One can now invoke Proposition 5.4.11, exercise 5.21, and exercise 5.22 in [Art91]; but we give a direct proof. Let v 1 be a shortest nonzero vector of Λ K , and let v 2 be the image of v 1 upon rotating H by π/3. Certainly v 1 = v 2 , so it suffices to show that Λ K = Λ(v 1 , v 2 ). Suppose not. Let x ∈ Λ K , x / ∈ Λ(v 1 , v 2 ). By translating by an appropriate element of Λ(v 1 , v 2 ), we may assume that x = α 1 v 1 + α 2 v 2 for some 0 ≤ α 1 , α 2 < 1. Thus x lies in the rhombus with vertices 0, v 1 , v 2 , v 1 + v 2 . Let r = v 1 = v 2 . Construct two circles of radius r centered at 0 and at v 1 + v 2 . Since x = v 1 , v 2 , x lies in the interior of one of these circles. If x lies in the circle centered at 0, then x < r. If x lies in the circle centered at v 1 + v 2 , then v 1 + v 2 − x < r. In either case, we have found a nonzero element of Λ K which is shorter than v 1 , contradicting our choice of v 1 .
